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PERVERSE SCHOBERS AND WALL CROSSING
W. DONOVAN
Abstract. For a balanced wall crossing in geometric invariant theory,
there exist derived equivalences between the corresponding GIT quotients
if certain numerical conditions are satisfied. Given such a wall crossing,
I construct a perverse sheaf of categories on a disk, singular at a point,
with half-monodromies recovering these equivalences, and with behaviour
at the singular point controlled by a GIT quotient stack associated to
the wall. Taking complexified Grothendieck groups gives a perverse sheaf
of vector spaces: I characterise when this is an intersection cohomology
complex of a local system on the punctured disk.
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1. Introduction
Kapranov and Schechtman have initiated a program to define and study
perverse sheaves of triangulated categories, known as perverse schobers [23].
It is expected that these new objects will be crucial to the emerging field
of categorified birational geometry. In this paper, I give a large class of
examples in the form of ‘spherical pairs’. These arise as categorifications
of perverse sheaves of vector spaces on a disk, possibly singular at a point.
I will explain, following Kapranov–Schechtman, different such categorifica-
tions, depending on a choice of ‘skeleton’ consisting of a union of disjoint
arcs from the disk boundary to the point: for two arcs, the categorification
is a spherical pair; for one arc, it is a spherical functor.
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My main result, Theorem A, constructs spherical pairs for many bira-
tional maps coming from GIT wall crossings. My simplest examples come
from an orbifold flop of local P1, and an Atiyah flop of a resolved conifold.
These are given in an expository Section 2: further examples, namely flops
of local Podd, and standard flops, are given in the final Section 6.
Remark. Harder, Katzarkov, and Liu study a different notion of perverse
sheaves of categories, in relation to rationality: see [18] and references therein.
1.1. Discussion. I outline some of my results informally, before giving de-
tails in Section 1.2.
Spherical pairs. Take embeddings of a pair of categories of interest E± into a
single category E0. This data may be viewed as a perverse sheaf of categories
on a disk as follows. Take K to be a skeleton with two arcs joining ±1 to 0,
as illustrated in Figure 1. For a perverse sheaf of vector spaces, possibly
singular at 0, the local cohomology with support in K is concentrated in
some fixed degree by ‘purity’: the categories E± and E0 should then be seen
as categorifications of the stalks of this sheaf of local cohomology at ±1 and 0
respectively, and the embeddings as categorifications of maps between them.
A spherical pair consists of such categories E± and E0 along with embeddings
satisfying natural conditions: these are given in Section 3.2.
R
iR
K
−1 +1
R
iR
E0E− E+
Figure 1. Spherical pair.
Setup. To obtain an example of a spherical pair, consider a GIT wall crossing
given by the data of a variety X with an action of a group G and a family
of linearizations Mt for small t ∈ R, such that the GIT quotients X/tG are
constant for t < 0 and t > 0 respectively, but there exist strict semistables
for t = 0. Assume furthermore that this wall crossing is ‘simple balanced’:
this implies in particular that the change in the GIT quotient due to crossing
the wall is controlled by a single one-parameter subgroup λ of G. In this case,
assuming a numerical condition given in Theorem A(ii), there exist derived
equivalences between the quotients X/± by results of Halpern-Leistner [16]
and Ballard–Favero–Katzarkov [5].
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Construction. Given this setup, I construct a spherical pair or, equivalently,
a perverse sheaf of categories on the disk where E± are the bounded derived
categories D(X/±), and E0 is a subcategory C of the bounded derived cate-
gory D(Xss(M0)/G) of the stack of semistables associated to the wall. This
data is indicated in Figure 2.
R
iR
K
−1 +1
R
iR
CD(X/−) D(X/+)
equivalence
Figure 2. Spherical pair example.
Remark. It is natural to view the disk on which our perverse sheaf of cat-
egories is defined as lying in the complexification of the GIT parameter
space R: intriguingly, this suggests the existence of natural perverse scho-
bers on (appropriate compactifications of) Bridgeland stability spaces.
Remark. For comparison, note that Bodzenta and Bondal construct spheri-
cal pairs for certain varieties Y± related by flops of families of curves, some of
which arise from GIT wall crossings as above, where E± = D(Y±), and E0 is
obtained from the fibre product Y− ×B Y+ over the base B of the flop [10].
Current work of Bondal, Kapranov, and Schechtman will generalize this
construction to interesting webs of flops, in particular flops of Springer res-
olutions, using a notion of perverse schobers on Cn singular along a real
hyperplane arrangement [11].
Monodromy. Spherical pairs induce equivalences E−↔ E+, categorifications
of the half-monodromy functions for a perverse sheaf of vector spaces. (In the
example above, these half-monodromy functors recover the known derived
equivalences between the quotients X/±.) By composing these, the spher-
ical pair also induce symmetries of the categories E±, categorifications of
monodromy actions. Different choices of cut give different descriptions of
this monodromy. For instance, it turns out that for a skeleton K ′ with
only one arc, as in Figure 3, the categorification is a spherical functor, and
that spherical pairs determine spherical functors which recover the symmetry
of E+ above as a spherical twist.
4 W. DONOVAN
Spherical functor. The spherical functor determined by our spherical pair
is shown in Figure 3. The category D is given in Theorem A(2) in terms
of sheaves on the unstable locus of one of the GIT quotients; the functor
itself is described in Corollary 4.6. These spherical functors have appeared
previously in work of Halpern-Leistner and Shipman [17]: our spherical pair
construction provides a new viewpoint on their results.
R
iR
K ′
+1
R
iR
D D(X/+)
spherical functor
Figure 3. Spherical functor.
Remark. A technical advantage of working with spherical pairs over spher-
ical functors is that they are easier to construct: we need only show that
certain functors are equivalences, without the need to take troublesome func-
torial cones.
1.2. Results. Consider a GIT wall crossing given by the data of a projective-
over-affine variety X with an action of a connected reductive group G and
a pair of linearizations M± in the sense of Section 3.5. The unstable loci
X − Xss(M±) then come with non-canonical GIT stratifications. Require
that this wall crossing is ‘simple balanced’ (Definition 3.17): informally, this
means that only a single stratum is affected by crossing the wall. Associated
to this stratum is the data of:
• a Levi subgroup L of G;
• a one-parameter subgroup λ of L; and
• an open subset Z of the λ-fixed locus in X .
The following theorem, which is the main result of this paper, constructs a
spherical pair for such a wall crossing.
Theorem A. Take a GIT wall crossing for a variety X with a G-action,
as above, which is ‘simple balanced’ as in Definition 3.17. Assume that:
(i) the variety X is smooth in a G-equivariant neighbourhood of Z;
(ii) the canonical sheaf ωX has λ-weight zero on Z; and
(iii) the group G is abelian.
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Let M0 denote a linearization on the wall, and Xss(M0) the associated
semistable locus in X. Then the following hold.
(1) (Theorem 4.1) For each integer w, there exists a subcategory C of
D(Xss(M0)/G) with embeddings
ι− : D(Z/L)
w −→ C
ι+ : D(Z/L)
w+η −→ C
giving a spherical pair P [23], where superscripts denote λ-weight
subcategories, and η is the window width of Definition 3.12.
(2) (Corollary 4.6) The spherical pair P induces a spherical functor
S : D −→ D(X/+)
where D denotes the category D(Z/L)w.
(3) (Corollary 4.7) Furthermore, there exist natural embeddings
ǫ± : D(X/±) −→ C
which determine a spherical pair in a sense dual to that of [23].
Remark. In many case, the quotients X/± corresponding to a wall crossing
are related by a flip. This follows for instance if G = C∗ and the unstable
loci have codimension at least two [36, Proposition 1.6]. Assumption (ii)
then asserts that this flip is in fact a flop.
Remark. It may seem strange to use the notation D(Z/L) when G is
abelian, as the Levi subgroup L must coincide with G in this case. The
notation is taken from Halpern-Leistner and Shipman: we retain it for con-
venience because, firstly, they give useful alternative descriptions of the cate-
gories D(Z/L)w [17, Section 2.1] and, secondly, we will have cause to slightly
amend one of their lemmas (Lemma 3.14).
We will see that taking complexified Grothendieck groups of a spherical
pair P gives a perverse sheaf of vector spaces on a disk. The following
theorem shows that this is an intersection cohomology complex when its
monodromy satisfies an appropriate condition.
Theorem B. With the setup above, the following hold.
(1) (Proposition 3.6) There exists a perverse sheaf of vector spaces KP
naturally associated to P with generic fibre the complexified Grothen-
dieck group K(X/+); and
(2) (Theorem 5.1) Writing m for the monodromy action on K(X/+),
KP is an intersection cohomology complex of a local system on the
punctured disk if and only if
rk(m− 1) = dimK
(
D(Z/L)w
)
. (∗)
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I show in Proposition 5.3 that a sufficient condition for (∗) to be satisfied
is that the codimension of Z inX is odd, and both spaces areG-equivariantly
Calabi–Yau. Nevertheless, (∗) fails in many simple examples, including an
Atiyah flop of a resolved conifold (Section 2.3).
1.3. Categorified intersection cohomology. I view the construction of a
spherical pair in Theorem A as an instance of taking ‘categorified intersection
cohomology’. Namely, the equivalences E− ↔ E+ naturally define a local
system of categories on the punctured disk, and the spherical pair P extends
this to a perverse sheaf of categories on the whole disk, thus categorifying
the way in which intersection cohomology extends local systems of vector
spaces to perverse sheaves of vector spaces. Theorem B shows that, under
assumption (∗), decategorification works as expected. A construction of
Segal [33], which takes a general autoequivalence Ψ: E → E and expresses
it as a twist of a spherical functor, may likewise be viewed as an instance of
categorified intersection cohomology.
1.4. Fukaya categories. I briefly mention recent work using perverse scho-
bers to understand Fukaya categories: it would be interesting to link the
present paper to some of these studies. Kapranov and Schechtman’s pro-
gram is related to Kontsevich’s proposal to localise Fukaya categories along
singular Lagrangian skeleta, building on work of Seidel [34]: see [25, 26], and
later [27]. This proposal has been extensively pursued by Nadler [29]. Dyck-
erhoff, Kapranov, Schechtman, and Soibelman [14] are currently developing a
theory of perverse schobers on general Riemann surfaces, following previous
work by Dyckerhoff and Kapranov studying topological Fukaya categories
of surfaces [13], and by Pascaleff and Sibilla for punctured surfaces [28].
Soibelman has discussed perverse schobers in relation to wall-crossing in
the stability space associated to the Fukaya category [35]. Perverse scho-
bers have appeared furthermore in work of Nadler where they are used, for
instance, to understand the Landau-Ginzburg A-model on Cn with superpo-
tential z1 . . . zn [30].
Acknowledgements. I am grateful to M. Kapranov for many enlightening
conversations and valuable suggestions; to V. Schechtman for helpful expla-
nations of his work; to H. Iritani for his hospitality and insights in Kyoto;
and to T. Dyckerhoff for his hospitality in Bonn, and his patient explana-
tions of aspects of [14]. I thank E. Cos¸kun, O¨. Genc¸, and O¨. Kis¸isel for their
warm welcome at Middle East Technical University in Ankara, where I made
crucial progress. This project has benefited from numerous discussions over
the years with A. Bondal, E. Segal, R. Thomas, and M. Wemyss. I would
also like to thank N. Addington for helpful comments.
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2. Simple cases
In this section I outline my construction and results in some concrete
examples, namely an orbifold flop of local P1, and an Atiyah flop of a resolved
conifold.
2.1. Perverse sheaves. These may be thought of as generalizations of the
sheaves of solutions to differential equations. As motivation therefore, take
a complex number c and consider the equation
z
df
dz
= cf
where f is a function of a variable z taking values in the punctured complex
disk ∆− 0. It has a local solution f(z) = zc, however for non-integer c this
solution has monodromy around 0, so global solutions are sections of a local
system L. This local system may be described by its fibres E± at ±1, along
with half-monodromy morphisms between them.
To describe a perverse sheaf P extending L which is defined on all of ∆,
though possibly singular at 0, we may proceed as follows. Take the sheaf
of (hyper)cohomology with support H1K(P ) on a cut K as in Figure 4, and
write E± and E0 for its stalks at ±1 and 0 respectively. There are natural
maps E0 → E±, and dual maps in the reverse direction, as shown. These
maps satisfy conditions given in Proposition 3.2: a spherical pair is then
given by a diagrams of categories satisfying analogous conditions given in
Definition 3.5.
R
iR
K
−1 +1
R
iR
E0E− E+
half-monodromy
Figure 4. Perverse sheaf on ∆.
2.2. Example: local P1. Take a 3-dimensional vector space X with coor-
dinates (x1, x2, y), and a C
∗-action with weights (1, 1,−2), whose orbits are
shown in Figure 5. There are two GIT quotients X/± of this action, namely:
(−) the total space Tot
(
OP1(−2)
)
of a line bundle on P1; and
(+) an orbifold C2/C2, where the cyclic group C2 acts by ±1.
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x1
x2
y
Figure 5. Orbits in X .
These quotients arise as open substacks of the quotient stack X/C∗, so we
may consider restriction functors as follows.
res± : D(X/C
∗)→ D(X/±)
It was observed by Segal [32], following ideas of Kawamata, and Herbst–
Hori–Page [19], later developed into a general theory in [16, 5], that these
are equivalences on certain ‘window’ subcategories
Wk =
〈
O(k),O(k + 1)
〉
in D(X/C∗), generated by weight line bundles O(k) on X/C∗. The key
observation for us is that by taking a slightly larger window, for instance
C =
〈
O(−1),O,O(1)
〉
,
we may then produce a diagram of categories as above, by composing the
obvious embeddings of the Wk with equivalences, as follows.
CW−1∼=D(X/−) W0 ∼= D(X/+)
Functors in the reverse direction are given by adjoints, sketched in Figure 6.
R
iR
CD(X/−) D(X/+)
flop functor
R
iR
C
〈
Oy(−1)
〉 〈
O~x(1)
〉
Figure 6. Spherical pair for local P1.
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The orthogonal subcategories ⊥W−1 and ⊥W0 in C are generated by
objects Oy(−1) and O~x(1) supported respectively on the y-axis, and the
(x1, x2)-plane: they yield the right-hand diagram in Figure 6 which gives a
spherical pair P in the sense of Kapranov and Schechtman: the left-hand
diagram satisfies dual axioms which are made precise in Corollary 4.7.
Taking complexified Grothendieck groups of the left-hand diagram in
Figure 6, we obtain a perverse sheaf of vector spaces P = KP. This has a
nice description as follows. By composing arrows in the diagram we obtain a
flop–flop functor FF acting on D(X/+), and thence an endomorphism of the
complexified Grothendieck group K(X/+) which determines a local system
of vector spaces on the punctured disk ∆ − 0: the intersection cohomol-
ogy complex of this local system recovers P . This result is explained and
generalized in Section 5.
2.3. Example: Resolved conifold. Now I briefly give a 3-fold example,
where the relation to intersection cohomology is less straightforward. Take a
4-dimensional vector spaceX with coordinates (x1, x2, y1, y2) and a C
∗-action
with weights (1, 1,−1,−1). The two GIT quotients are then:
(−) the resolved conifold Tot
(
OP1(−1)
⊕2
)
; and
(+) its flop along the zero section P1.
We again obtain a spherical pair, similarly to above. The categories Wk
and C are defined in just the same way. The orthogonals are now gen-
erated by O~y(−1) and O~x(1) supported respectively on the (y1, y2)-plane,
and (x1, x2)-plane.
In this case, however, taking complexified Grothendieck groups does not
give the intersection cohomology complex of a local system on the punctured
disk ∆− 0: the reason is that the flop–flop functor acts trivially at the level
of Grothendieck groups. See Example 6.2 for details.
Remark 2.1. This example is the simplest case where Bodzenta–Bondal
construct a spherical pair [10]: it would be interesting to relate our con-
structions.
Remark 2.2. The examples in this section have natural extensions to higher
dimensions, namely to an orbifold flop of local Podd (Example 6.1), and to
standard flops (Example 6.2).
3. Background
3.1. Perverse sheaves. This subsection summarizes results on perverse
sheaves of vector spaces which will be used later. We first recall a standard
description of the category Per(∆, 0) of perverse sheaves on a disk ∆ ⊂ C
containing 0, and possibly singular there.
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Proposition 3.1. [6] [15, The´ore`me II.2.3] There is an equivalence from
Per(∆, 0) to the category of diagrams of vector spaces
D0 D1
u
v
such that the morphism m = vu+ 1 is an isomorphism.
The above equivalence may be obtained by lettingD0 be vanishing cycles,
and D1 be nearby cycles in such a way that the morphism m is realized as
a monodromy operator acting on D1.
We now give an alternative description of Per(∆, 0), due to Kapranov–
Schechtman: it is a special case of their remarkable characterization of per-
verse sheaves on a complex vector space singular with respect to a real hy-
perplane arrangement [22]. Their categorification of this description is given
in the following Section 3.2.
Proposition 3.2. [22, Section 9] There is an equivalence from Per(∆, 0) to
the category of diagrams of vector spaces
E0 E+E−
f−
g−
f+
g+
such that
(1) g±f± = 1, and
(2) g±f∓ are isomorphisms.
There exists furthermore an equivalence from the description of Proposi-
tion 3.1, by taking diagrams as follows.
D0 ⊕D1 D1D1
( u1 )
( 0 1 )
( 0
1
)
( v 1 )
In particular, the monodromy actions on E− and E+ may be taken to be
m− = g−f+g+f− and m+ = g+f−g−f+
respectively.
Proof. For the statement on the equivalence with the description of Propo-
sition 3.1, see [22, Proposition 9.4]. 
For P in Per(∆, 0) the spaces E± and E0 above are given by stalks
at ±1 and 0 respectively of the sheaf H1K(P ) of cohomology with support
on a skeleton K as discussed in Section 2.1. The maps g± are generalization
maps, as described for instance in [22, Section 1D], and the f± are dual to
them.
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Remark 3.3. By Proposition 3.2, E0 is isomorphic to the direct sum of the
nearby and vanishing cycles of the perverse sheaf, however this isomorphism
is not canonical: see [22, Proof of Proposition 9.4].
Proposition 3.4. The simple objects of Per(∆, 0) are of the form:
(1) an intersection cohomology complex IC(L), for an irreducible local
system L on ∆− 0; or
(2) a sheaf k0[−1].
Under the equivalence of Proposition 3.1 these correspond to:
(1) for F a fibre of L with monodromy m, and Fm the m-invariants,
a diagram
F/Fm F ;
(2) a diagram
C 0.
Proof. The simples perverse sheaves on a variety V are shifted intersection
cohomology complexes, namely IC(L)[− codimV W ], for L an irreducible lo-
cal system on an open subset of a closed W ⊆ V , by [7]: for another ref-
erence see [31, Theorem 6.9]. The first part follows by setting V = ∆, and
W = ∆ or 0 respectively. The second part then follows from a well-known
computation of nearby and vanishing cycles. 
3.2. Spherical pairs. This subsection gives categorifications of perverse
sheaves of vector spaces on a disk, namely spherical pairs and functors, fol-
lowing Kapranov–Schechtman.
Consider a C-linear triangulated category E with admissible subcate-
gories E± embedded by δ± : E± → E . By definition, the functors δ± have left
and right adjoints, denoted by ∗δ± and δ
∗
± respectively. Considering the right
orthogonals E⊥± we also have embeddings γ± : E
⊥
± → E with left adjoints
∗γ±.
Definition 3.5. [23, Definition 3.5] The data (E±, E), along with the embed-
dings above, gives a spherical pair if the following are equivalences:
(a) δ∗+ ◦ δ− : E− −→ E+
(b) δ∗− ◦ δ+ : E+ −→ E−
(c) ∗γ+ ◦ γ− : E⊥− −→ E
⊥
+
(d) ∗γ− ◦ γ+ : E⊥+ −→ E
⊥
−
In other words, a spherical pair is given by semi-orthogonal decompositions
〈
E⊥− , E−
〉
= E =
〈
E⊥+ , E+
〉
, (1)
where E± are admissible subcategories of E , and the natural compositions
(a)–(d) of embedding and projection functors are equivalences. Note that
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Kapranov and Schechtman write decompositions in the reverse order [23,
Section 3B].
The following is implicit in Kapranov–Schechtman [23]: applying the
complexified Grothendieck group construction to a spherical pair yields two
perverse sheaves of vector spaces on a disk depending on whether the left- or
right-hand components of (1) are taken. Write K0(E) for the Grothendieck
group of a triangulated category E , and K(E) for the C-algebra K0(E)⊗ C.
Proposition 3.6. Given a spherical pair P = (E±, E) as above, two perverse
sheaves PK and KP on a disk ∆ may be obtained, given as follows in the
notation of Proposition 3.2.
K(E) K(E+)K(E−)
δ−
δ∗
−
δ+
δ∗+
K(E) K(E⊥+ )K(E
⊥
− )
γ−
∗γ−
γ+
∗γ+
Here the symbols δ and γ for functors are reused for their images under K(−).
Proof. First note that δ∗± ◦ δ± = IdE± . This follows by the Yoneda lemma,
because for instance there are functorial isomorphisms
HomE+
(
a, (δ∗+ ◦ δ+)(b)
)
= HomE
(
δ+(a), δ+(b)
)
= HomE+(a, b),
where the latter equality holds because δ+ is an embedding. The conditions
(1)–(2) of Proposition 3.2 for PK may then be verified immediately. The
other case KP follows by a dual argument. 
Spherical pairs yield spherical functors, as follows. Here we implicitly
take enhanced triangulated categories, so that the functorial cones below
make sense: see for instance [23, Appendix A].
Proposition 3.7. [23, Propositions 3.7, 3.8] Given a spherical pair (E±, E)
as above, the functor
S = ∗γ+ ◦ δ− : E− −→ E
⊥
+
is spherical in the sense of Anno [2] and Anno–Logvinenko [3], and we have
that:
(1) the twist acts on E⊥+ by
TS := Cone
(
S ◦ S∗
counit
−−−−→ Id
)
∼= ∗γ+ ◦ γ− ◦
∗γ− ◦ γ+
which is the composition (d) then (c) from Definition 3.5;
(2) the cotwist acts on E− by
CS := Cone
(
Id
unit
−−−→ S∗ ◦ S
)
[−1] ∼= δ∗− ◦ δ+ ◦ δ
∗
+ ◦ δ−
which is the composition (a) then (b) from Definition 3.5.
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Combining, we also have the following.
Proposition 3.8. Given a spherical pair (E±, E) as above, with associated
spherical functor S, we have that:
(1) the action of TS on K(E⊥+ ) is the monodromy around 0 of
KP;
(2) the action of CS on K(E−) is the monodromy around 0 of PK .
Proof. This follows from the definitions of PK and KP from Proposition 3.6,
their monodromies given in Proposition 3.2, and the descriptions of the twist
and cotwist in Proposition 3.7. 
3.3. Results from GIT. This subsection tersely recalls results from GIT
which will be used to study derived categories of GIT quotients. I follow
treatments of Halpern-Leistner [16], and Ballard, Favero, and Katzarkov [5].
Setup 3.9. Take a projective-over-affine variety X with an action of a con-
nected reductive group G, and a G-ample equivariant line bundle M.
The above data determines a semistable locus Xss(M) ⊆ X : we take the
GIT quotient to be the quotient stack Xss(M)/G. Note that this may be a
Deligne–Mumford stack: see Section 2 and Example 6.1 for simple examples.
After certain choices, we obtain a stratification of X−Xss(M) by strata Si.
I now give the properties of this stratification needed in what follows, leaving
further details to the references.
To each stratum Si is associated, by construction, a one-parameter sub-
group λi, and the stratum contains an associated open subvariety of the
λi-fixed locus, denoted by Z i. Consider a single stratum S, dropping in-
dices i for simplicity. It contains furthermore a subvariety Y ⊆ X flowing
to Z under λ, referred to as a ‘blade’, which will be important: writing the
elements of λ as λt for t ∈ C
∗, this blade is given as follows.
Y =
{
x
∣∣∣ lim
t→0
(λt · x) lies in Z
}
⊂ X.
Note that Z ⊆ Y , and that Y has a natural projection to Z. Notate mor-
phism as below.
Z Y ⊆ S X
σ
π
j
These morphisms may be made equivariant, in the following manner. Write
L for the subgroup of elements of G which commute with λt for all t, and
put
P =
{
g
∣∣∣ lim
t→0
(λt · g · λ
−1
t ) lies in L
}
⊆ G.
Observe that L ⊆ P , and that there is a map P → L given by
g 7→ lim
t→0
(
λt · g · λ
−1
t
)
.
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There are then morphisms of quotient stacks as follows, reusing the notation
above.
Z/L Y/P S/G X/G.
σ
π
j∼
The middle morphism is induced by the inclusion of Y into S, and is an
equivalence: see for instance [16, Section 2.1, Property (S2)].
Remark 3.10. If G is abelian, the blade Y coincides with the stratum S,
and the subgroups L and P are equal to G.
The following properties of the stratification will be used later.
Proposition 3.11. If X is smooth in a G-equivariant neighbourhood of Z:
(1) the sheaf N ∨Y X restricted to Z has strictly positive λ-weights;
(2) the variety X is smooth in a G-equivariant neighbourhood of Y;
(3) the subvarieties Y and Z are smooth;
(4) the morphism π : Y → Z is a locally trivial bundle of affine spaces;
(5) the stratum S is regularly embedded in X.
Proof. The definition of the blade Y yields (1). For the rest, we follow the ap-
proach of [16, Lemma 2.7]. To see (2), note that any G-invariant neighbour-
hood of Z contains Y . Then (3) and (4) follow from the Bia lynicki-Birula
decomposition [9, Theorem 4.1] applied to the action of λ on this neighbour-
hood, and (5) is given by an argument of Kirwan [21, Theorem 13.5]. 
3.4. Derived categories. This subsection follows Halpern-Leistner [16],
Halpern-Leistner and Shipman [17], and Ballard, Favero, and Katzarkov [5].
Assume for simplicity that the stratification of the previous subsection con-
sists of a single stratum with associated subvariety Z, and thatX is a smooth
in aG-equivariant neighbourhood of Z. We define windows in D(X/G) which
will be equivalent to the derived category D(Xss/G) of the GIT quotient, by
measuring weights on Z.
As notation, for F • ∈ D(X/G), write wtλ F • for the set of λ-weights
which appear in some cohomology sheaf Hk(σ∗j∗F •) on Z. Then given an
integer w, a window Gw is defined as the full subcategory of D(X/G) with
objects
Gw =
{
F • ∈ D(X/G)
∣∣ wtλ F • ⊆ [w,w + η)
}
,
where η is defined as follows.
Definition 3.12. The window width η is the λ-weight of detN ∨SX on Z.
The category Gw is equivalent to D(Xss/G): indeed we have the following
more refined result.
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Theorem 3.13. [16, 5] Define a full subcategory
Cw =
{
F • ∈ D(X/G)
∣∣ wtλ F • ⊆ [w,w + η]
}
of D(X/G) and consider the restriction functor to the GIT quotient
res : Cw ⊂ D(X/G) −→ D(Xss/G).
This is an equivalence on the subcategories Gw and Gw+1, and has adjoints
res∗ : D(Xss/G)
∼
−→ Gw ⊂ Cw and ∗res : D(Xss/G)
∼
−→ Gw+1 ⊂ Cw.
Proof. See [17, Lemma 2.4] for this statement. 
Note that the adjoint res∗ is an embedding D(Xss/G) → Cw. The fol-
lowing lemma and proposition give furthermore a semi-orthogonal decom-
position of Cw. Write D(Z/L)w for the full subcategory of D(Z/L) whose
objects have λ-weight w.
Lemma 3.14. [17] For a given λ-weight w, the functor
ι = j∗π
∗(−) : D(Z/L)w −→ Cw
is an embedding, with left and right adjoints
∗ι =
(
σ∗j∗(−)
)w
and ι∗ =
(
σ∗j∗(−)
)w+η
⊗ detNSX|Z [− codimX S],
where the superscripts denote projection to weight subcategories of D(Z/L).
Proof. This is [17, Lemma 2.3] with a shift [− codimX S] added in the state-
ment coming from Grothendieck duality for the morphism j. 
Proposition 3.15. [16, 5] There is a semi-orthogonal decomposition
Cw =
〈
D(Xss/G), D(Z/L)w
〉
with embedding functors res∗ and ι.
Proof. This follows from [16, 5] and may be found in this form in [17,
Section 2, (3)]. 
3.5. Variation of GIT. This subsection sets up the necessary technology
to study GIT wall crossings. Consider a GIT problem X/G as in Setup 3.9.
The results of the previous sections continue to hold if we replace theG-ample
equivariant line bundleM used there with an element of NSG(X)⊗R, namely
the scalar extension to R of the equivariant Neron–Severi group of X . Ele-
ments of this group will henceforth be referred to as linearizations, so that
we may consider continuous variation of linearization: see [5, Section 3.2] for
a fuller treatment. Take then linearizations M0 and M
′, and let
Mt =M0 + tM
′
for each t ∈ [−ǫ, ǫ] with ǫ small such that:
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( 0 ) there exist strict semistables for M0;
(−) Xss(Mt) is constant for t ∈ [−ǫ, 0), with no strict semistables;
(+) Xss(Mt) is constant for t ∈ (0, ǫ], with no strict semistables.
In this situation writeM± =M±ǫ, and say that the transition betweenM±
is a wall crossing, and M0 is a linearization on the wall. For brevity we
denote the GIT quotients corresponding to either side of the wall as follows.
X/±G = X
ss(M±)/G.
The semistable locus for M0 may be related to the loci for M± by the
formulae
Xss(M0) = X
ss(M±) ∪
⋃
i∈I±
Si±
where the I± are indexing sets for unstable strata under the respective
linearizations M± [12, Section 4]. We now recall a notion of Halpern-
Leistner [16, Definition 4.4]: a similar situation is considered by Ballard,
Favero, and Katzarkov in [5, Condition 4.3.1].
Definition 3.16. A wall crossing is balanced if there is an identification
I− = I+ under which one-parameter subgroups λ±, associated L±, and sub-
varieties Z± correspond as follows:
λi− = (λ
i
+)
−1, Li− = L
i
+, and Z
i
−/L
i
− = Z
i
+/L
i
+.
I make the following further restriction, for use in what follows.
Definition 3.17. A wall crossing is simple balanced if it is balanced, and
furthermore |I−| = |I+| = 1.
In this case, we drop indices, and write simply Z and L for the identified
subvarieties Z±, and subgroups L±.
4. Spherical pairs
Assume given a simple balanced wall crossing as in Definition 3.17 for a
GIT problem X/G as in Setup 3.9. In this section we construct a spherical
pair in the sense of Definition 3.5, and describe the equivalences (a)–(d) which
appear there. Recall that we take a wall crossing between linearizationsM±,
and a linearization M0 on the wall, with an associated subvariety Z and
subgroup L, and that the window width η± is defined to be the λ±-weight of
detN ∨S±X on Z. The GIT quotients corresponding to either side of the wall
are denoted by X/±G.
Theorem 4.1. Assume that:
(i) the variety X is smooth in a G-equivariant neighbourhood of Z;
(ii) the canonical sheaf ωX has λ±-weight zero on Z; and
(iii) the group G is abelian.
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It follows that η+ = η−, and we write η for their common value. Fix an
integer w, and consider the category
C =
{
F • ∈ D
(
Xss(M0)/G
)
wtλ− F
• ⊆ [w,w + η]
}
.
Then there exist embeddings
(−) ι− : D(Z/L)
w
− −→ C
(+) ι+ : D(Z/L)
−w−η
+ −→ C
where the superscripts denote λ−-weight and λ+-weight subcategories respec-
tively, such that
(1) the data (Im ι±, C) gives a spherical pair P,
and furthermore:
(2) the right orthogonals (Im ι±)
⊥ are equivalent to D(X/±G) via res±;
(3) the compositions (a)–(d) from Definition 3.5 are given by
(a) −⊗ detNS+X|Z [− codimX S+] : D(Z/L)
w
− −→ D(Z/L)
−w−η
+
(b) −⊗ detNS−X|Z [− codimX S−] : D(Z/L)
−w−η
+ −→ D(Z/L)
w
−
(c) res+ ◦ res∗− : D(X/−G) −→ D(X/+G)
(d) res− ◦ res∗+ : D(X/+G) −→ D(X/−G)
with (c) and (d) factoring via window subcategories Gw− and G
−w−η
+
of D
(
Xss(M0)/G
)
respectively.
Remark 4.2. The equivalences (c) and (d) of the theorem are those obtained
by Halpern-Leistner [16, Section 4.1] and Ballard–Favero–Katzarkov [5].
Remark 4.3. The weight assumption (ii) of the theorem is certainly satis-
fied, for instance, if X is G-equivariantly Calabi–Yau.
Proof of Theorem 4.1. Assumption (i) implies that X is smooth in a neigh-
bourhood of Y±, and that Y± and Z are smooth, using Propositions 3.11(2)
and 3.11(3). The claim that η+ = η− may then be deduced from assump-
tion (ii) as follows, as in [16, proof of Proposition 4.5]. First note that ΩX
on Z is split by sign of λ±-weights as
N ∨Y−X|Z ⊕ ΩZ ⊕ N
∨
Y+
X|Z . (2)
An example is sketched in Figure 7. Then the claim is shown by taking
determinants, noting that because G is abelian the strata S± are identified
with the Y±, and recalling that η± is the λ±-weight of detN ∨S±X on Z.
We next establish the embeddings (−) and (+). Consider the semistable
substack for the linearization M0 as follows
X◦ = Xss(M0).
We may replace X/G with its open substack X◦/G, noting that assumptions
(i)–(iii) continue to hold. The GIT stratifications associated to the lineariza-
tions M± then consist of single unstable strata S±, so that we are in the
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setting of Section 3.4. The equalities
C = Cw− = C
−w−η
+
are then immediate from the definitions in Theorem 3.13, using the fact that
λ+ = λ
−1
− . Hence the functors ι± of (−) and (+) may be defined using
Lemma 3.14, and are embeddings as claimed.
Y+
Y−
Z
Figure 7. Sketch of blades in X , with action of λ−.
We prove (2) and (3) before concluding (1). Recall that for a spherical
pair we require that ι± have left and right adjoints: these are provided by
Lemma 3.14. By the semi-orthogonal decomposition of Proposition 3.15, the
right orthogonals (Im ι±)
⊥ are the images of the following embeddings from
Theorem 3.13.
(−) res∗− : D(X/−G)
∼
−→ Gw− ⊂ C
(+) res∗+ : D(X/+G)
∼
−→ G−w−η+ ⊂ C
To satisfy the definition of a spherical pair we require that these embeddings
have left adjoints: these are given by res±, and we may deduce (2).
For (3), it remains to describe the compositions of functors (a)–(d) from
Definition 3.5. After checking that they are equivalences, we may then con-
clude that (Im ι±, C) is a spherical pair, giving (1). Consider first the com-
positions (c) and (d) given by res+ ◦ res∗− and res− ◦ res
∗
+ respectively. The
functors res∗− and res
∗
+ go to
Gw− = G
−w−η+1
+ and G
−w−η
+ = G
w+1
−
so the compositions are equivalences because res+ and res− restrict to equiv-
alences on the latter subcategories, by Theorem 3.13.
Finally, consider the compositions (a) and (b) given as follows.
(a) ι∗+ ◦ ι− : D(Z/L)
w
− −→ D(Z/L)
−w−η
+
(b) ι∗− ◦ ι+ : D(Z/L)
−w−η
+ −→ D(Z/L)
w
−
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These expressions may be expanded using Lemma 3.14. Recall that mor-
phisms are denoted as follows.
X/G
S−/G
S+/G
Y−/P−
Y+/P+
Z/L
j−
j+
σ−
π−
σ+
π+
∼
∼
(3)
The composition (b) is given by:
• applying
(
σ∗−j
∗
−j+∗π
∗
+(−)
)w+η
where the superscript denotes restric-
tion to the λ−-weight w + η subcategory of D(Z/L); then
• tensoring by detNS−X|Z [− codimX S−].
To show that (b) is an equivalence with the form claimed, it therefore suffices
to prove Lemma 4.4 below. The result for (a) follows similarly, and we are
done. 
Lemma 4.4. The following functors appearing in the proof of Theorem 4.1
are isomorphic to the identity, after identifying D(Z/L)w− and D(Z/L)
−w
+ .
(a)
(
σ∗+j
∗
+j−∗π
∗
−(−)
)−w
: D(Z/L)w− −→ D(Z/L)
−w
+
(b)
(
σ∗−j
∗
−j+∗π
∗
+(−)
)w+η
: D(Z/L)−w−η+ −→ D(Z/L)
w+η
−
Here superscripts are used as before to denote restriction to λ−-weight and
λ+-weight subcategories, and morphisms are as in (3) above.
Remark 4.5. I give a proof of this lemma using that the blades Y± intersect
transversally in Z for G abelian. For G non-abelian, the above equality
η+ = η− continues to hold because of a formula [16, (4)] of Halpern-Leistner,
but I could not find a way to prove the lemma, or a counterexample: this
matter did not seem worth pursuing further, as non-abelian examples may,
at least in principle, be reduced to abelian ones by a trick of Thaddeus [36,
Section 3.1].
Proof of Lemma 4.4. Recall that, for G abelian, the strata S± are identified
with the blades Y±, and L = P± = G, so that (3) simplifies to the following
diagram of G-equivariant morphisms.
X
Y−
Y+
Z
j−
j+
σ−
π−
σ+
π+
(4)
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I claim that G-equivariant base change around this Cartesian square holds,
namely a relation between equivariant derived functors
j∗−j+∗
∼= σ−∗σ
∗
+. (5)
Consider the non-equivariant base change first. This follows by the argument
of [1, Appendix A] for instance. By the splitting (2) of ΩX on Z we know
that Z is a transverse intersection of the Y±, in particular it has the expected
dimension. It then suffices to know that X is smooth in a neighbourhood of
Y±, and that Y± and Z are smooth: these facts follow from assumption (i)
of Theorem 4.1 that X is smooth in a G-equivariant neighbourhood of Z, by
Propositions 3.11(2) and 3.11(3).
We claim furthermore a base change relation (5) between equivariant
derived functors. For this we may use the framework of Bernstein–Lunts [8].
I give the key points of the argument. Recall that to specify an object F
of the equivariant derived category D(X/G) [8, Section 2.4.5] we proceed as
follows.
• Consider smooth resolutions φ : X ′ → X where, by definition, X ′ is a
free G-space so that the quotient map X ′ → X ′/G is a locally trivial
fibration with fibre G [8, Definition 2.1.1(b)], with φ a G-equivariant
smooth map [8, Section 1.7].
• Take an object Fφ of the ordinary derived category of the free quotient
X ′/G for each such resolution.
Now pulling back (4) along φ gives a G-equivariant square of resolutions,
and we may then take quotients by free G-actions to get a Cartesian square
as follows.
X ′/G
Y ′−/G
Y ′+/G
Z ′/G
j−
j+
σ−
σ+
(6)
To prove equivariant base change (5) following the method of [8, Sections 3.3
and 3.4] we need to show, in particular, base change for the square (6). For
this we argue as in the non-equivariant case, using the following observations.
The square (6) is an intersection of the expected dimension because: the res-
olution maps (X ′ → X and so on) have locally constant, and equal, fibre
dimensions; and the quotient maps (X ′ → X ′/G and so on) have constant
fibre dimension dim(G). The smoothness required follows from the smooth-
ness shown in the non-equivariant setting, using that the quotient maps are
locally trivial fibrations, and noting furthermore that the neighbourhood
of Y± may be taken to be G-equivariant.
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Taking the functor (b) and applying base change (5), we are led to con-
sider
σ∗−σ−∗σ
∗
+π
∗
+
and because π+σ+ = IdZ , this further reduces to
σ∗−σ−∗. (7)
The normal bundle sequence associated to the inclusion σ− is split be-
cause π−σ− = IdZ : it follows, as in Arinkin–Ca˘lda˘raru [4], that (7) is iso-
morphic to tensoring by the direct sum of∧
kN ∨Z Y−[k]
for integers k ∈ [0, codimY− Z]. The functor (b) therefore acts by tensoring
with the λ−-weight 0 subobject of this. The Y± intersect transversally in Z,
so we have N ∨Z Y−
∼= N ∨Y+X|Z . Proposition 3.11(1) gives that the λ+-weights
of the latter are strictly positive, thence the λ−-weights strictly negative, so
this subobject is just ∧
0N ∨Z Y− = OZ ,
and therefore (b) is the identity as claimed. The proof for (a) is similar. 
Combining the theorem with Proposition 3.7, we immediately have the
following, recovering a result of Halpern-Leistner and Shipman [17, Sec-
tion 3.2].
Corollary 4.6. In the setting of Theorem 4.1, there is a spherical functor
S = res+ ◦ ι− : D −→ D(X/+G)
where D denotes the category D(Z/L)w−.
Finally, note that there is a dual notion of spherical pair, given by swap-
ping the roles of the functors in the definition: therefore, as an immediate
corollary of the proof of Theorem 4.1, we have the following.
Corollary 4.7. In the setting of Theorem 4.1, the data
(
D(X/±G), C
)
with
embeddings
res∗± : D(X/±G) −→ C
gives a dual spherical pair, in the sense that it satisfies Definition 3.5 with
the roles of the functors δ and γ exchanged.
5. Intersection cohomology
Assume given a spherical pair P from Theorem 4.1. This section studies
the perverse sheaves of vector spaces PK and KP obtained by taking com-
plexified Grothendieck groups. The following Theorem 5.1 gives a necessary
and sufficient condition for KP to be an intersection cohomology complex of
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a local system on the punctured disk. Simple sufficient conditions are then
given in Proposition 5.3. A dual result for PK is established in Theorem 5.4.
Theorem 5.1. In the setting of Theorem 4.1, consider the perverse sheaf KP
provided by Proposition 3.6, with description
K(C) K(X/+G),K(X/−G)
res− res+
where unmarked arrows are given by right adjoints. Then:
(1) the monodromy m around 0 on K(X/+G) is given by the action of
the twist TS of a spherical functor
S = res+ ◦ ι− : D −→ D(X/+G) (8)
where D denotes the category D(Z/L)w−;
(2) we have
rk(m− 1) ≤ dimK(D); (9)
(3) there is an isomorphism
KP ∼= IC(M)
for M a local system on ∆ − 0 if and only if the inequality (9) is
saturated.
Proof. (1) This is an application of Proposition 3.8(1).
(2) Combining (1) with the definition of the twist in Proposition 3.7(1), it
follows that
m = K(TS) = 1−K(S) K(S
∗)
and hence m− 1 factors through the K(D), implying (9).
(3) The only possible candidate forM is the local system on ∆−0 obtained by
restricting KP. Taking this M , the claimed equation is true after restriction
to ∆ − 0 by construction. By Proposition 3.4, the simple perverse sheaves
on ∆, possibly singular at 0, are of the form k0[−1] or IC(L) for an irreducible
local system L on ∆−0. Hence the composition factors of KP include all the
composition factors of IC(M), and possibly some number of factors of the
form k0[−1]: I argue that this number is zero if and only if the inequality (9)
is saturated, and thereby deduce the result.
For P ∈ Per(C, 0) write dim0 P for the dimension of its space of vanishing
cycles at 0, namely the space D0 of Proposition 3.1. This dimension is
additive on extensions of perverse sheaves, and from Proposition 3.4 we see
that dim0 k0[−1] = 1. It follows that the number of composition factors of
the form k0[−1] in
KP is
dim0
KP − dim0 IC(M) ≥ 0.
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From Proposition 3.2 it may be deduced that
dim0
KP = dimK(C)− dimK(X/±G),
but this is just dimK(D) because the dimension of Grothendieck groups is
additive for semi-orthogonal decompositions, in particular the decomposition
of Proposition 3.15. From Proposition 3.4 we have that
dim0 IC(M) = codim ker(m− 1) = rk(m− 1)
and, combining, the result follows. 
The inequality (9) may not be saturated, for indeed it often happens that
m = 1 so that rk(m− 1) = 0 as Example 6.2 shows. On the other hand, we
can give easily checkable sufficient conditions for (9) to be saturated. The
assumptions of Theorem 4.1 implied that η+ = η− so that the λ±-weights of
detN ∨S±X on Z were equal: under the following slightly stronger condition
the spherical pair obtained in Theorem 4.1 will be easy to control at the level
of Grothendieck groups, so that these sufficient conditions for the saturation
of (9) will become apparent.
Lemma 5.2. For G abelian, the following conditions are equivalent.
(1) The line bundle detNZX on Z is G-equivariantly trivial.
(2) The line bundle
detNS+X ⊗ detNS−X (10)
is G-equivariantly trivial after restriction to Z.
These conditions hold if X and Z are G-equivariantly Calabi–Yau.
Proof. The equivalence claim follows from the identification of the strata S±
with the Y± and the splitting, as in (2), of ΩX on Z into
N ∨Y−X|Z ⊕ ΩZ ⊕ N
∨
Y+
X|Z ,
combined with the definition of NZX . The last claim follows from the ad-
junction formula
detNZX = ωZ ⊗ ω
∨
X |Z . 
Proposition 5.3. In the setting of Theorem 4.1, assume furthermore that:
(i) the equivalent conditions of Lemma 5.2 hold; and
(ii) the codimension of Z in X is odd.
Then the inequality (9) is saturated, and
KP ∼= IC(M)
where M is the local system on ∆− 0 obtained by restricting KP.
Proof. I first calculate the action of the cotwist CS of the spherical functor S
from (8) on K(D) under the assumptions. From Proposition 3.7(2) this is
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given by the composition (a) then (b) from Definition 3.5. In our setting,
by Theorem 4.1(3), this acts by tensoring by the line bundle (10) restricted
to Z, which is G-equivariantly trivial by assumption, and a cohomological
shift of the negative of
codimX S+ + codimX S−.
For G abelian, the strata S± are identified with the Y±, which intersect
transversally in Z as explained in the proof of Lemma 4.4, so this is just
codimX Z. If this is odd, then the action of CS on the Grothendieck group
is therefore simply −1. It then follows from the definition of CS in Proposi-
tion 3.7(2) that
K(CS) = 1−K(S
∗) K(S) = −1 and K(S∗) K(S) = 2 · 1.
The map 2 · 1 is clearly bijective, and thence K(S) is injective, and K(S∗)
surjective onto K(D). Using Theorem 5.1(1) and the definition of TS from
Proposition 3.7(1) we then have that
rk(m− 1) = rk
(
K(TS)− 1
)
= rk
(
−K(S) K(S∗)
)
= dimK(D),
and hence the inequality (9) is saturated, and the claim follows by the proof
of Theorem 5.1(3). 
Finally, we record the following dual result to Theorem 5.1.
Theorem 5.4. In the setting of Theorem 4.1, consider the perverse sheaf PK
provided by Proposition 3.6, with description
K(C) K
(
D(Z/L)−w−η+
)
,K
(
D(Z/L)w−
) ι− ι+
where unmarked arrows are given by left adjoints. Then:
(1) the monodromy m′ around 0 on K
(
D(Z/L)w−
)
is given by the action
of the cotwist CS of the spherical functor (8);
(2) we have
rk(m′ − 1) ≤ dimK(X/+G); (11)
(3) there is an isomorphism
PK ∼= IC(M ′)
for M ′ a local system on ∆ − 0 if and only if the inequality (11) is
saturated.
Proof. The argument is dual to that of Theorem 5.1, using Proposition 3.8(2)
in place of Proposition 3.8(1), and so on. 
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6. Examples
In this section, I give some examples of spherical pairs for flops in higher
dimensions.
Example 6.1. Let X = V ⊕ det V ∨ for V a vector space of dimension
d = 2n, with C∗-action induced by dilation of V . Then Z = 0 with
Xss+ = X − (0⊕ det V
∨) and Xss− = X − (V ⊕ 0),
so that the quotient X/+C
∗ is the total space of the bundle
O(−2n)→ PV,
and X/−C
∗ is its flop, the orbifold V/C2n of the cyclic group C2n acting on
V by scalars.
The space X is smooth of dimension 2n+ 1 and equivariantly Calabi–
Yau, so the assumptions of Theorem 4.1 and Proposition 5.3 are easily seen
to be satisfied. Hence we have a spherical pair P, and KP is an intersection
cohomology complex of a local system on ∆− 0.
Example 6.2. Let X = V ⊕ V ∨ for V a vector space of dimension d, with
C∗-action induced by dilation of V . Then Z = 0 with
Xss+ = X − (0⊕ V
∨) and Xss− = X − (V ⊕ 0),
so that the quotient X/+C
∗ is the total space of the bundle V ∨ ⊗O(−1)→
PV , and X/−C
∗ is its flop, the total space of V ⊗O(−1)→ PV ∨.
Once again, the space X is smooth and equivariantly Calabi–Yau, so the
assumptions of Theorem 4.1 are easily seen to be satisfied. Hence we have
a spherical pair P. However, we cannot apply Proposition 5.3 for dimension
reasons and indeed the conclusion, that KP is an intersection cohomology
complex of a local system on ∆− 0, does not hold.
To see this, let w = 0 so that ιw−(O0) = OV ⊕0, and observe (for instance
by comparing terms in the respective Koszul resolutions) that this has the
same Grothendieck group class, up to sign, as O0⊕V ∨ ⊗ det V . The latter
object is clearly in the kernel of res+, and because O0 is a generator we may
deduce that K(S) = 0 and
rk(m− 1) = rk
(
K(TS)− 1
)
= rk
(
−K(S) K(S∗)
)
= 0.
Here D = D(Z/L)w− is generated by a single object O0, so
dimK(D) = 1,
the inequality (9) is not saturated, and thence KP is not the intersection
cohomology complex of a local system on ∆− 0 by Theorem 5.1(3).
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